The particle tunneling through a 3-D rectangular potential barrier has been studied. The simplest model for multiple internal reflections has been assumed. The explicit expression for all the transmission and reflection probability amplitudes have been derived, as well as the tunneling and reflection phase times.
Introduction
The time-dependent aspects in the process of quantum tunneling of particles through 1-dimensional barriers was the object of several papers, based on theoretical [1] [2] [3] , numerical [4] , and experimental analyses [5] [6] [7] [8] [9] . On the other hand, the three-dimensional approach to this same problem is present in the literature with a less complete analysis. In fact, particle tunneling through a three-dimensional barrier has been studied in a simplified way in the framework of the WKB approximation, or using only some elements of the time-dependent description in applications for some concrete tasks, such as α-decay.
In this paper, we study the non-relativistic particle tunneling through a three-dimensional potential barrier with * E-mail: Jacek.Jakiel@ifj.edu.pl spherical symmetry. We will also consider, in the central part of the system, the presence of a spherical well. We shall refer to the various regions in this way: Region (I) with > R 2 represents the external region of null potential; (II) delimited by R 1 and R 2 is the barrier region; and the internal region (III) with < R 1 is the well. We will describe the impact of the particles with this potential as a sequence of two successive processes: In the first stage we think of an ingoing wave packet impinging from outside on the barrier, producing a reflected wave in the external region (I), tunneling through the barrier, and finally penetrating in the well, where it is represented by an ingoing mode. In the second phase, we will consider the presence of an outgoing wave from the well (III), which, after a reflection against the internal side of the barrier, tunnels through the barrier and produces, finally, an outgoing mode in the external region (I). A schematic of these processes is sketched in Figure 1 .
Multiple reflections inside the barrier can also develop, but, because this phenomenon is more sophisticated and usually present at a low level, we will neglect it in this first approach, considering it only afterwards. The present analysis is a first step for the comprehensive study of the emission of protons or alpha-particles from a spherical compound nucleus, or of the photon emission from a glassair, spherical system [10] [11] [12] [13] [14] [15] [16] . 
Model equation

Impact from outside
We will start by considering an initial wave packet, defined in the outer region (I) by means of a superposition of ingoing spherical waves, and moving from outside toward the barrier region (II), where the potential has the value V 1 :
A section of the potential along the r-axis is shown in Figure 2 . The quantities and E =¯ 2 2 /(2 ) are the wave number and the kinetic energy, respectively. When the wave encounters the barrier, it is partially reflected with wave function At the same time, the wave tunnels through the barrier in region (II), where it is represented by the function
where χ = 2 (V 1 −E) 2 . After tunnelling through the barrier, the wave penetrates the well, and in region (III) we can write
is the wave number inside the well. In general we can say that the wave packet is described by the expression
where the index J is I, II, III, 0, T , or R depending on the particular mode considered, Φ (1) J being the stationary wave functions :
Furthermore, g(E) is a normalized amplitude weight factor such as
We normalize equation (1) by the condition
which is strictly possible only in the limit V 1 going to infinity. For the sake of simplicity we neglect the contribution of the energy above the barrier, considering only cases where E < V 1 . All the previous formulas are written in the case of null orbital momentum, and the extension of this theory to the general non-symmetric case with non-null orbital momentum can be obtained by replacing the terms (± ) with the spherical Hankel functions of the first and second kind. In addition, we have that A ( ) R , α 1 , β 1 , and A ( ) T are, respectively, the external reflection amplitude factor, the evanescent and anti-evanescent wave amplitude factors during the first tunnelling, and the internal transmission amplitude factor. Their analytical expression can be found by imposing the continuity conditions for both the stationary wave functions and their first derivatives at the points = R 2 and = R 1 , finding for the external reflection coefficient the following expression:
which, in the limit χ(R 2 − R 1 ) tending to infinity, becomes − −2 R 2 χ+ χ− . For the internal transmission coefficient we get
The calculation of the probability fluxes can be used for ensuring the quantities (14) and (15) 
One can use the approximation
For a quasi-monochromatic wave packet centred around the value E = E , that is, when the amplitude wave factor g(E) is a delta function δ(E-E ), with E in the open interval (0 V 1 ), one obtains
Hence, from the conservation law for the probability fluxes,
one obtains
which, for V 0 =0 becomes
The transmission probability through the barrier from outside is represented by the last of expressions eq:13. The phase times τ ( )
T
and τ ( )
R
can be defined as evident generalization of the 1-D definitions:
and
where v=¯ / . So we can see from the previous expressions, in analogy with the same one-dimensional quantities, the manifestation of the Hartmann effect [17] , and also the absence of dependence on the geometrical characteristics of the barrier R 1 and R 2 .
Emission from the barrier
Now we shall study the evolution of a wave coming out from the central core of the system, with a wave function given by
and constructed by overlapping the stationary solutions propagating in the positive -direction from the well region. In Figure 3 is the schematic of the various waves. When the wave impinges on the barrier from inside, a re- 
EG(E)A ( )
Afterwards, in the region (II) of the barrier, a system of evanescent and anti-evanescent waves develops:
while in the outer region a propagating wave will exist:
As in the previous case, G(E) is a normalized amplitude weight factor, and A ( ) R , α 2 , β 2 , and A ( ) T are the internal reflection, the evanescent and anti-evanescent, and the external transmission amplitude factors, respectively. With calculations similar to that of the first part, we obtain the explicit expressions of the amplitude factors:
Also in this case we can demonstrate the conservation of the current fluxes:
and we can introduce the phase times: (26) and
with v=¯ / .
Scattering matrix
Finally, we shall connect the two mechanisms of scattering described above in one single scattering event, introducing the matrix of scattering S and considering multiple reflections inside the potential well. For this purpose we describe the stationary wave functions in the various regions as
We can now find the quantities S, αsgβ, and A by connecting the various expressions of the wave function and of its derivative in = R 1 and = R 2 .
Imposing the continuity conditions we have
One can easily see that |S| = 1, and that
The physical meaning of the term 1
is directly connected to the presence of an infinite sequence of multiple internal reflections that can be described by the stationary wave functions: 
Resonances
In all the previous analyses we have disregarded the possibility that resonances develop during tunneling and scattering. To take into account insurgent resonances, we rewrite the scattering matrix S in the following form:
where, from the comparison with (29), we set α =
In the neighbourhood of a resonance, we can develop S into a power series in (E − E ), E being the eigenvalue of the energy for the resonance solution of the transcendental equation A 1 (E ) = 0, obtaining
This shows more clearly its resonant character if written in the form
with
is very large, we can neglect all the terms containing the negative exponential factor and write finally As is known, a narrow resonance is connected with an exponential decay in time at fixed position > R 2 , with a time constant τ =¯ /Γ.
Conclusions
We have obtained and analyzed the general expressions of all transmission and reflection probability amplitudes in a 3-D tunneling process through a spherically symmetric barrier. Then, for this same system, we have derived the elastic scattering S-matrix and all related quantities, taking into account multiple internal reflections. We have also written the tunneling and reflection phase time, showing, on the basis of their expression, the occurrence of the Hartmann effect. We have also taken resonances into account, and have written in this case the S-matrix, with the resonance width. The results we have obtained can be used for the study of alpha and proton radioactivity decay.
